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This work is devoted to study the effects of Einstein-Æther gravity on magnetized particles moving
around a static, spherically symmetric and uncharged black hole immersed in an external asymptot-
ically uniform magnetic field. The analysis is carried out by varying the free parameters c13 and c14
of the Einstein-Æther theory and noticing their impacts on the particle trajectories and the amount
of center-of-mass energy produced as a result of collision. The strength of magnetic field and the
location of the circular orbits significantly changes by varying the above free parameters. We have
also made a comparison between Einstein-Æther and the Kerr black hole and noticed that both
black holes depict similar behaviour for suitable choices of c13, c14, spin and the magnetic field.
PACS numbers: 04.50.-h, 04.40.Dg, 97.60.Gb
I. INTRODUCTION
Lorentz invariance is a fundamental consequence and
principle of the Einstein’s special relativity theory and
hence of nature itself, which is lead to a further gen-
eralization as diffeomorphism invariance in the general
relativity (GR). Due to fundamental limitations of GR
to describe physics at Planck scale and least understood
aspect of quantization of gravity, the assumptions of
GR are required to be relaxed to study physics near
the Planck scale. It is now well understood that the
structure of space near the Planck regime is discrete,
obeys non-commutative rules of geometry, violates the
Lorentz symmetry and obeys some form of generalized
uncertainty principle. Among few candidates of Lorentz
symmetry violating theories is the Einstein-Æther the-
ory which is a generally-covariant theory of gravity. In
order to violate the Lorentz symmetry, an Æther field (a
timelike vector field) is introduced which defines a pre-
ferred timelike direction at every point of space [1, 2].
In literature, numerous aspects of this theory have been
explored such as cosmological perturbations [3, 4], the
effects on the generation and propagation of gravita-
tional waves [5? ], and shadow of black holes [6], etc.
The theory involves several coupling parameters such as
ci’s have been constrained via astrophysical data of the
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gravitational wave events GW170817 and GRB 170817A
[7]. The theory predicts new gravitational wave polar-
izations, faster than light propagation speeds of gravi-
tational waves without violating causality in some novel
ways. Furthermore, by coupling the Æther field with the
electromagnetic field, two static, electrically charged, and
spherical symmetric black hole solutions have been found
in the Einstein-Æther theory [8, 9]. An n-dimensional
extension of charged, static and spherically symmetric
black holes is also proposed in this theory [10]. Instead
of Killing horizon, these black holes admit universal hori-
zons. The laws of black hole thermodynamics and the
analysis of cosmic censorship conjecture have been stud-
ied in [11]. Recently, one of us explored the phenomenol-
ogy of the two charged black holes in Einstein-Æther the-
ory. By investigating the dynamics of test particle around
the black hole in near circular motion, the properties of
quasi-periodic oscillations, epicyclic frequencies, gravita-
tional lensing, periodic orbits, marginally bound orbits
and innermost stable circular orbits (ISCO) were studied
[12].
In this paper, we study the motion of test charged par-
ticles around an exact black hole in the Einstein-Æther
theory in the presence of a test uniform magnetic field.
From the astrophysical perspective, the nearby environ-
ment of black holes is filled with high energy particles.
The evidence to support this claim comes from the elec-
tromagnetic spectrum of astrophysical black holes which
mainly results from the radiation emitted by the particles
in the accretion disk and outward collimated jets [13]. It
is the spacetime geometry of black hole which determines
the motion of these particles and the propagation of ra-
diation. The effects of Doppler and gravitational red-
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2shift can be deduced from the electromagnetic spectrum.
In this scenario, the study of circular orbits in general
and the innermost stable circular orbit (ISCO) in par-
ticular give the maximum information about the nearby
activity of the black hole. In addition to gravitational
field, the dynamics of particles are moderately effected
by the magnetic field in the black hole-accretion disk en-
vironment. The origin of the magnetic field around the
black hole can be primordial i.e. a relic of the early uni-
verse or by the gravitational collapse of the progenitor
star carrying the magnetic field [14]. In literature, the
motion of test charged particles around various kinds of
black holes with uniform magnetic field has been studied
extensively [15–19]. Another important aspect of black
hole-accretion disk enviornment is the particle collisions
near the black hole. It was earlier shown that the par-
ticle collision near the black hole horizon could lead to
production of arbitrary centre of mass energy [20]. Since
than this aspect has received considerable interest of re-
searchers and several aspects of BSW mechanism have
been explored [21, 22], and references therein. In order
to see the effects of the AE parameters more clearly and
considering the electrical neutrality of most astrophysical
back holes, we shall ignore the electric charge parameter
in the black hole spacetime.
The black hole cannot have its own magnetic field,
however one may consider the external magnetic field
near the black hole. The solution of electromagnetic field
equation around Kerr black hole immersed in external
asymptotically uniform magnetic field has been obtained
first in [23]. In later papers, various properties of elec-
tromagnetic field around black hole in external magnetic
field were studied [24–40]. In particular, the dynamics
of magnetized particle around non-rotating and rotating
black holes have already been studied in diverse gravita-
tional theories [41–51].
This manuscript is organized as follows: In Sec. II, we
start with a brief review of Einstein-Æther black hole im-
mersed in an external magnetic field. Sec. III is devoted
to study the magnetized particle motion around Einstein-
æther black hole in the presence of external magnetic
field. The acceleration process near the Einstein-æther
black hole is considered in Sec. IV. We consider the as-
trophysical applications in Sec. V and conclude our re-
sults in Sec. VI. Throughout this work we use signature
(−,+,+,+) for the space-time and geometrized unit sys-
tem GN = c = 1. Latin indices run from 1 to 3 (or 4
depending on the context) and Greek ones vary from 0
to 3.
II. EINSTEIN-ÆTHER BLACK HOLES
The action of Einstein-Æther theory contains the
Einstein-Hilbert action with an addition of an action cor-
responding to a dynamical, unit timelike Æther field [1,
52–54] which cannot vanish anywhere and breaks local
Lorentz symmetry. The complete action has the follow-
ing form
Sæ =
1
16piGæ
∫
d4x
√−g (R+ Læ) , (1)
where g = |gµν | is the determinant of the spacetime met-
ric around a gravitational object in the Einstein-Æther
gravity. The Lagrangian of Æther field in the action (1)
has the following form:
Læ = −Mαβµν(Dαuµ)(Dβuν) + λ(gµνuµuν + 1) , (2)
here Dα is the covariant derivative with respect to x
α, λ
is the Lagrangian multiplier which is responsible for the
Æther four-velocity uα always to be timelike, and Mαβµν
is defined as
Mαβµν = c1gµνg
αβ + c2δ
α
µδ
β
ν + c3δ
α
ν δ
β
µ − c4uαuβgµν , (3)
where ci (i = 1, 2, 3, 4) are dimensionless coupling con-
stants. Note, that Æther gravitational constant has the
following form
Gæ =
GN
1− 12c14
, (4)
where GN is the Newtonian gravitational constant.
The solution of field equation within the theory (1)
describing the non-rotating black holes has the following
line element in the spherical polar coordinates [8]:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2) , (5)
where
f(r) = 1− 2M
r
− 2c13 − c14
8(1− c13)
(
2M
r
)2
, (6)
and c13 = c1 + c3 and c14 = c1 + c4, are the new coupling
constants of the theory.
Consider the Einstein-Æther black hole immersed in
an external asymptotically uniform magnetic field. We
assume that there exists a magnetic field in the black
hole vicinity which is static, axi-symmetric and homo-
geneous at the spatial infinity where it has the strength
B0 > 0. The magnetic field is assumed to be weak such
that its effect on the spacetime geometry outside black
hole is negligible. In the case when the magnetic field
is strong, one needs to modify the spacetime geometry
to include the magnetic field. Since the spacetime met-
ric (5) allows timelike and spacelike Killing vectors, one
may use Wald’s method to find the electromagnetic four
potential in the following form [23]
Aφ =
1
2
B0r
2 sin θ, (7)
At = 0 ,
The non-zero components of the electromagnetic tensor
(Fµν = Aν,µ −Aµ,ν) have the following form
Frφ = B0r sin
2 θ , (8)
Fθφ = B0r
2 sin θ cos θ , (9)
3A magnetic field is defined with respect to an observer
whose 4-velocity is uµ as follows:
Bα =
1
2
ηαβσµFβσuµ , (10)
where ηαβσγ is the pseudo-tensorial form of the Levi-
Civita symbol αβσγ :
ηαβσγ =
√−gαβσγ , ηαβσγ = − 1√−g 
αβσγ , (11)
and g = −r4 sin2 θ. In orthonormal basis, the magnetic
field has the following non-zero components
Brˆ = B0 cos θ, B
θˆ =
√
f(r)B0 sin θ . (12)
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FIG. 1: Graph showing the radial profile of the normalized
angular component of the magnetic field.
Figure 1 illustrates the radial profiles of the angular
component of magnetic field for different values of the
parameters c13 and c14. One can see that the compo-
nent of the magnetic field increases (decreases) with the
increase of parameter c14 (c13).
III. MAGNETIZED PARTICLE MOTION IN
SPHERICALLY SYMMETRIC SPACETIME
Now we consider the magnetized particle around
Einstein-Æther black hole. The motion of magnetized
particles around black hole immersed in external mag-
netic fields can be studied using the Hamilton-Jacobi
equation
gµν
∂S
∂xµ
∂S
∂xν
= −
(
m− 1
2
DµνFµν
)2
, (13)
where m is the rest mass of the particle and DµνFµν is
the interaction term between magnetized particle and the
external magnetic field. According to Ref. [41], Dαβ can
be expressed as
Dµν = ηµναβuαMβ , Dαβuβ = 0 , (14)
whereMα is the four-vector of magnetic dipole moment
and uβ is the four-velocity of the particle. The electro-
magnetic field tensor Fαβ can be decomposed into electric
Eα and magnetic B
α fields in the following form
Fαβ = uαEβ − Eαuβ − ηαβσγuσBγ , (15)
Now one may easily express the interaction term DµνFµν
in the following form
DµνFµν = 2MB0L[λαˆ], (16)
where M is the module of dipolar magnetic moment of
the particle and L[λαˆ] is a function of the spacetime co-
ordinates, as well as other parameters defining the tetrad
λαˆ attached to the comoving fiducial observer.
For simplicity here we consider the orbital motion of
magnetized particles around the Einstein-Æther black
hole in the weak interaction approximation implying(
DµνFµν
)2
→ 0. We also concentrate our study on the
motion of magnetized particles in the equatorial plane,
θ = pi/2 where the angular component of the four-
momentum of the particle pθ = 0. We also consider
the magnetic dipole moment of the particle to be per-
pendicular to the equatorial plane. The existence of
Killing vectors guarantee the two conserved quantities:
pφ = L = muφ and pt = −E = mut corresponding to
angular momentum and energy of the particle, respec-
tively. Thus the Hamilton-Jacobi action for the magne-
tized particle at the equatorial plane can be written as
S = −Et+ Lφ+ Sr(r) , (17)
which allows to separate variables in the Hamilton-Jacobi
equation (13).
One can now easily get the expression for radial mo-
tion of the magnetized particle at the equatorial plane by
inserting Eq. (16) in Eq.(13) and using the form of the
action (17) as
r˙2 = E2 − Veff(r; c13, c14, l,B) , (18)
where l = L/(mM) and E = E/m are specific angular
moment and specific energy of the particle, respectively.
The effective potential for radial motion of magnetized
particle has the form
Veff(r; c13, c14, l,B) = f(r)
(
1 +
l2
r2
− BL[λαˆ]
)
(19)
where B = 2MB0/m is the magnetic coupling parameter
responsible for interaction a magnetized particle and the
external magnetic field. B > 0 (B < 0) implies the direc-
tions of the external magnetic field and magnetic dipole
moment of the particle are the same (opposite), while
B = 0 is the case when there is no external magnetic
field or/and the particle has not the magnetic dipole mo-
ment. Now we will consider the circular orbits using the
conditions
r˙ = 0 ,
∂Veff
∂r
= 0 , (20)
4Using the expression (19) we get
B(r; l, E , c13, c14) = 1L[λαˆ]
(
1 +
l2
r2
− E
2
f(r)
)
, (21)
The interaction of the magnetized and the external mag-
netic field can be characterised through only angular
components of magnetic field and dipole moment
DµνFµν = 2MθˆBθˆ . (22)
In a comoving frame of reference we have
Brˆ = Bφˆ = 0 , Bθˆ = B0f(r) e
Ψ , (23)
with
e−2Ψ = f(r)− Ω2r2 , (24)
where Ω is angular velocity of the particle
Ω =
dφ
dt
=
dφ/dτ
dt/dτ
=
f(r)
r2
l
E . (25)
Now one may calculate the exact form of the interaction
part in Hamilton-Jacobi equation inserting Eq. (23) into
Eq. (22) in the following form
DµνFµν = 2MB0f(r) eΨ . (26)
One may find the unknown function L[λαˆ] after compar-
ing the Eqns. (16) and (26) which yield
L[λαˆ] = eΨ f(r) . (27)
Finally, one may find the exact form of the magnetic cou-
pling parameter B(r; l, E , c13, c14) by inserting Eqs. (27)
and (24) in (21) to obtain
B(r; l, E , c13, c14) =
√
1
f(r)
− l
2
E2r2
(
1 +
l2
r2
− E
2
f(r)
)
.(28)
Eq. (28) has the following physical meaning: a magne-
tized particle with specific energy E and angular momen-
tum l can be in the circular orbit at a certain distance r
from the central object with the corresponding value of
the magnetic interaction parameter which can be calcu-
lated from Eq. (28).
The radial profile of magnetic coupling function B for
the different values of c13 and c14 parameters is shown
in Fig. 2. One can see from the figure that the increase
of the parameter of the Einstein-Æther gravity c14 (c13)
causes to increase (decrease) the maximum value of the
magnetic coupling parameter correspond to circular or-
bits and an increase of both the Einstein-Æther gravity
parameters shifts the the distance where the coupling pa-
rameter is maximum to the observer at infinite.
We now start to analyze the value of the magnetic
coupling parameter corresponding to the stable circular
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FIG. 2: The radial profile of magnetic coupling function for
the different values of the specific angular momentum: l2 = 20
(top panel) and l2 = 24.296 (bottom panel) with E2 = 0.9.
orbits. The conditions for the stable circular orbits for
magnetized particles have the following form
B = B(r; l, E , c13, c14), ∂B(r; l, E , c13, c14)
∂r
= 0 . (29)
This is a system of two equations with six unknown quan-
tities B, r, l, E , c13, c14, hence its solution can be parame-
terized in terms of any two of the five independent vari-
ables. Here we use the magnetic coupling and the orbital
radius r as free parameters. Our aim is then to find the
angular momentum l and the specific energy E of the
particle as functions of r and B. First, one can find the
minimum energy of the particle which correspond to min-
imum value of the magnetic interaction parameter using
the second part of the condition (29) and solving it for
the specific energy
Emin(r; l, c13, c14) =
lr−2
[
c14
2 − c13(r − 1)2 + r(r − 2)
]√
(1− c13)
(
r − c13(r − 1)− c142
) .(30)
The radial profile of the minimum value of specific en-
ergy of magnetized particle is shown in Fig. 3 for different
values of the parameters of Einstein-Æther gravity. The
increase of the parameter c13 (c14) causes the increase
(decrease) of the maximum value of the specific energy.
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FIG. 3: The dependence of the minimum value of specific
energy of the magnetized particles on radial coordinate.
Moreover, the distances where stable orbits exist and the
energy takes the maximum value shift to the central ob-
ject due to the increase of the parameter c13 (c14)
The minimum value of the magnetic coupling parame-
ter can be found substituting Eq. (30) to Eq. 28 we have
Bmin(r; l, c13, c14) = − 2
√
1− c13
√
c13 (3r − 2− r2) + c14 + r(r − 3)
r (2c13(1− r)− c14 + 2r) [c14 − 2c13(1− r)2 + 2r(r − 2)]
×{2l2 [c14 − c13 (2− 3r + r2)+ r(r − 3)]+ r2 (2c13(r − 1) + c14 − 2r)} . (31)
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FIG. 4: The dependence of the minimum value of the mag-
netic coupling parameter on radial coordinate where l2 = 20.
Figure 4 shows the radial dependence of minimal value
of magnetic coupling parameter of the magnetized parti-
cle for the different values of the parameters c13 and c14.
One can see from the figure that the maximal value of
the minimum magnetic coupling parameter increases (de-
creases) and the distance where it reaches the maximum
decreases (increases) with the increase of the parameter
c14 (c13).
The upper limits for stable circular orbits can be cal-
culated using extreme value of the magnetic coupling pa-
rameter which correspond to a some minimum value of
the specific angular momentum. One may obtain the ex-
pression for the angular momentum solving the equation
∂Bmin/∂r = 0 with respect to l
lmin(r; c13, c14) =
r
[
c13(r − 1)− r + c142
]√
c14 − c13(r − 1)(r − 2) + r(r − 3)
×
{c14
2
− c13
(
2r2 − 3r + 1)− r(3− 2r)}− 12 (32)
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FIG. 5: The radial profile of minimal value of the specific
angular momentum.
Figure 5 shows the radial dependence of the minimum
value of the specific angular momentum for the differ-
ent values of the Einstein-Æther black hole parameters
c13 and c14. One can see from the figure that the max-
imum value of the minimal angular momentum increase
(decrease) with the increase of the parameter c13 (c14).
However, the distance where the specific angular momen-
6tum takes the maximum value increases (decreases) with
increasing of the parameter c14 (c13).
Now it is possible to obtain and analyze the extreme
value for the magnetic interaction parameter substituting
Eq. (32) in to Eq. (31) and we have
Bextr(r; c13, c14) =
√
c13(r − 2)(r − 1)− c14 − (r − 3)r
c13 (4r2 − 6r + 2)− c14 + 2r(3− 2r)
×4√1− c13r. (33)
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FIG. 6: The radial dependence of minimal value of magnetic
coupling parameter.
Figure 6 illustrates the radial dependence of the ex-
treme value of the magnetic coupling parameter and the
minimum value of the magnetic coupling parameter at
Bmin(l = 0), for the different values of the parameters
c13 and c14. The range where stable circular orbits al-
lowed for the magnetized particle with the magnetic cou-
pling parameter Bextr < B < Bmin(l = 0) is shown with
the colored areas. One can see from the Fig. 6 that the
minimum distance of the circular orbits increases (de-
creases) with the increase of the values of the parameter
c13 (c14). The effect of the Einstein-Æther gravity pa-
rameters on the range where circular orbits are allowed
(∆r = rmax − rmin) are shown in Table I.
Table I demonstrates the range of circular orbits of
magnetized particle around the Einstein-Æther black
hole for the value of the magnetic coupling parameter
c14 = 0 c14 = 0.1 c14 = 0.5 c14 = 0.8
c13 = 0 − 1.1942 1.8717 3.5971
c13 = 0.1 0.9197 1.1787 1.7995 3.4756
c13 = 0.5 0.7928 0.8679 1.4951 2.9577
c13 = 0.8 0.6417 0.7108 1.2564 2.527
TABLE I: Numerical values for ∆r = rmax− rmin in the unit
of 10−3M with B = 0.1 .
B = 0.1 and the parameter of Einstein-Æther gravity.
The values of the range ∆r are given in the unit of
M/103. One can see from the figure that the range ∆r
increases (decrease) with increasing the parameter c13
(c14).
Figures 7 and 8 depict trajectories of the magnetized
particle with the coupling parameter B = 0.5 around
the black hole in Einstein-Æther gravity for the cases
c13 = 0 and c14 = 0, respectively. One can see from the
trajectories in Figs. 7 and 8 that the bound orbits are
larger in the absence of the parameter c13 than the case
of vanishing parameter c14. Moreover, the increase of the
parameter c14 (c13) causes the increase (decrease) in the
radius of orbits. One may conclude from the comparisons
of the orbits that by increasing the parameter c13 (c14)
leadss to increase (decrease) of the gravitational potential
of the central object.
IV. ACCELERATION OF PARTICLES NEAR
THE EINSTEIN-ÆTHER BLACK HOLE
In this section we study the collision of particles near
the black hole in Einstein-Æther gravity. Particularly, we
consider the center of mass energy of two particles near
the black hole immersed in magnetic field. We consider
the effect of black hole parameters and external magnetic
field to the center-mass-energy of the two colliding par-
ticles coming from infinity with energies E1 and E2. The
center of mass energy of two particles can be found using
the expression [20]
E2cm =
E2cm
2m0c2
= 1− gαβvα1 vβ2 (34)
where vα1 and v
β
2 are four-velocities of the colliding par-
ticles. Below we investigate head-on collisions of mag-
netized particles with magnetized, charged and neutral
particles at the equatorial plane where θ = pi/2 with the
initial energies E1 = E2 = 1.
A. Two magnetized particles
First we consider the case of two magnetized particles
collision. The four-velocity of the magnetized particle at
7FIG. 7: Trajectory profiles of the magnetized particle with the magnetic coupling parameter B = 0.5, the specific angular
momentum l2 = 20 for the values of the Einstein-æther parameters c13 = 0.
equatorial plane have the following nonzero components:
t˙ =
1
f(r)
,
r˙2 = 1− f(r)
(
1 +
l2
r2
− L[λαˆ]B
)
,
φ˙ =
l
r2
. (35)
The expression for center of mass energy of the two
magnetized particles can be expressed by substituting
four-velocities Eqs. (35) into (34) in the following form
E2cm = 1 +
1
f(r)
− l1l2
r2
−
√
1− f(r)
(
1 +
l21
r2
− L[λαˆ]B1
)
×
√
1− f(r)
(
1 +
l22
r2
− L[λαˆ]B2
)
. (36)
Figure 9 shows the radial dependence of center-of-mass
energy of head-on collision of two magnetized particles
with the magnetic coupling parameter B1 = B2 = 0.1
and specific angular momentum l1 = 2 and l2 = −2.
It shows that a high center-of-mass energy is produced
when r is reduced.
B. Magnetized and charged particles
In this subsection we consider collision of magnetized
and charged particles. Four-velocities for charged parti-
cles can be found using the Lagrangian for the charged
particles with the electric charge e and mass m in the
presence of electromagnetic field
L =
1
2
mgµνu
µuν + euµAµ . (37)
The conserved quantities: the energy and the angular
momentum can be found as
pt =
∂L
∂t˙
= mgttt˙ , (38)
pφ =
∂L
∂φ˙
= mgφφφ˙+ eAφ, (39)
8FIG. 8: The same fugure with Fig. 7, but for c14 = 0.
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FIG. 9: The radial dependence of the center-of-mass energy
of two magnetized particles .
and four-velocity of the charged particle at equatorial
plane has the following nonzero components
t˙ =
1
f(r)
,
r˙2 = 1− f(r)
[
1 +
( l
r
− ωBr
)2]
,
φ˙ =
l
r2
− ωB , (40)
where ωB = eB/(2m) is the cyclotron frequency respon-
sible for the interaction the external magnetic field and
charged particle. One may get the expression for the
center-of-mass energy of the colliding charged and mag-
netized particles from substituting four-velocities of the
particles Eqs. (35) and (40) into Eq.(34) and it takes the
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FIG. 10: The radial dependence of the center-of-mass energy
of charged and magnetized particles.
form:
E2cm = 1 +
1
f(r)
−
(
l1
r2
− ωB
)
l2 −
−
√√√√1− f(r)[1 +( l1
r
− ωBr
)2]
×
√
1− f(r)
(
1 +
l22
r2
− L[λαˆ]B
)
(41)
The dependence of center-of-mass energy of the col-
liding charged and magnetized particles with the specific
angular momentum l1 = −l2 = 2 around the Einstein-
Æther black hole on radial coordinate in the different
values of the parameters c13 and c14.
C. Magnetized and neutral particles
Finally, here we will carry on the studies of the collision
of magnetized particles with neutral particles. One may
immediately write the four-velocities for neutral particles
t˙ =
1
f(r)
,
r˙2 = 1− f(r)
(
1 +
l2
r2
)
,
φ˙ =
l
r2
, (42)
and the expression for the center-of-mass energy of the
collision
E2cm = 1 +
1
f(r)
− l1l2
r2
−
√
1− f(r)
(
1 +
l21
r2
)
×
√
1− f(r)
(
1 +
l22
r2
− L[λαˆ]B
)
(43)
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FIG. 11: The radial dependence of the center-of-mass energy
of magnetized and neutral particles with l1 = 2 and l2 = −2.
One may conclude from Figs. 9,10 and 11 that the in-
crease of the parameter c14 (c13) causes to increase (de-
crease) the center-of-mass energy in all collisions which
we considered above.
V. ASTROPHYSICAL APPLICATIONS
By considering the particle motion around black holes
one can test the properties of different theories of grav-
ity. However, in most cases the effects of the different
theories may overlap each other and becomes impossible
to say the effect belong to particular theory or model.
Indeed there are many parameters of the different grav-
ity theories giving the same observational orbital param-
eters of the particle. Here we test the Einstein-Æther
black hole immersed in an external asymptotically uni-
form magnetic field whether it can mimic rotation of Kerr
black hole considering the magnetized particles motion
and innermost stable circular orbits (ISCO). Particularly
we consider magnetized particles motion around:
1. Kerr black hole,
2. Einstein-Æther black hole,
3. Einstein-Æther black hole immersed in the mag-
netic field.
ISCO radius for test particles around rotating Kerr black
holes can be written in the following form
risco = 3 + Z2 ±
√
(3− Z1)(3 + Z1 + 2Z2) , (44)
with
Z1 = 1 +
(
3
√
1 + a+ 3
√
1− a) 3√1− a2 ,
Z2 =
√
3a2 + Z21 ,
where ± correspond to prograde and retrograde orbits.
One may find the ISCO radius of the magnetized particle
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using the standard conditions V ′eff = 0 and V
′′
eff ≥ 0,
where prime ′ implies partial derivative with respect to
radial coordinate.
Below, we make numerical analysis the cases when
the ISCO radius of the magnetized particle with mag-
netic coupling parameters B = 0.5 and B = −0.5 around
Einstein-Æther and Kerr black holes take the same val-
ues.
A. c14 = 0
ISCO profiles of the magnetized particle around Kerr
and Einstein-Æther black holes in the presence and ab-
sence of the external magnetic field at c14 = 0 are shown
in Fig. 12. One can see that the parameter c13 can
mimic the innermost counter rotating orbits of the par-
ticle around Kerr black hole up to c13 = 0.7556 (v12 ver-
tical line) for B = −0.5, c13 = 0.7262 (v11 vertical line)
for B = 0 and c13 = 0.4954 (v6 vertical line) for B = 0.5
in the range of ISCO radius 5.7243 ≤ rISCO ≤ 9 (h1 and
h7 horizontal lines).
ISCO radius is the same at the values of the spin and
the Einstein-Æther parameter c13 = a = 0.6266 (v9 ver-
tical line) in the absence of the external magnetic field,
c13 = a = 0.6875 (v10 vertical line) for B = −0.5 and
c13 = a = 0.0244 (v1 vertical line) at rISCO = 8.0501 ( h3
horizontal line), rISCO = 8.2077 (h2 horizontal line) and
rISCO = 5.7605 ( h6 horizontal line), respectively.
ISCO radius of the magnetized particle with the cou-
pling parameter B = 0.5 around Einstein-Æther black
hole in the presence of the external magnetic field can
be the same when it is around Kerr black hole in the
absence of the magnetic field provided the spin param-
eter 0.4081 ≤ a ≤ 1 (v5 vertical line) with the radius
7.463 ≤ rISCO ≤ 9 (h1 and h4 horizontal lines).
Moreover, one can observe the effect of the external
magnetic field looking at the red, blue and grey lines from
Fig. 12. One can see that it is not possible distinguish the
existence of the external magnetic field at c13 ≥ 0.5314
(v5 vertical line) because of the ISCO is the same for the
particle with B = 0.5. One may distinguish the orien-
tation of the external magnetic field with respect to the
direction of the magnetized particle’s dipole moment at
c13 < 0.5906 (v8 vertical line) and rISCO > 7.463.
B. c13 = 0
In this subsection we make similar discussions for the
case of c13 = 0. It is not difficult to see that Fig. 13 is
similar to Fig. 12 just for the Einstein-Æther parameter
c13 = 0. One can see from the figure that in this case the
effect of the another Einstein-Æther gravity parameter
c14 can mimic spin of Kerr black hole giving the same
innermost co-rotating orbits.
One can see that in the cases, when the external mag-
netic field is present at the values of the spin parameter
a > 0.5388 (v1 vertical line) and a < 0.0312 (v4 vertical
line), can not mimic the Einstein-Æther gravity parame-
ter for the magnetized particle with the coupling param-
eter B = −0.5. The parameter c14 mimic spin of Kerr
black hole in the range 6 > risco > 5.1623 (h1 and h3
horizontal lines) at 2 ≤ c14 ≥ 1.4119 (v7 vertical line)
for the magnetized particle with the parameter B = 0.5.
Further in the absence of the external magnetic field, the
spin parameter can not mimic the parameter c14 when
a > 0.4799 (v3 vertical line).
Now again looking for the effect of magnetic field, we
will see at red, blue and grey lines. One can notice that
the magnetic interaction can not mimic the effect of the
parameter at the the range c14 ≤ 1.4119 (v7 vertical line)
for B = 0.5 and c14 ≥ 1.8426 for B = −0.5 (v9 vertical
line).
The orientation of the external magnetic field can be
distinguishable when the Einstein-Æther gravity param-
eter c14 < 1.6241 (v8 vertical line) for B = 0.5 and
c5 > 0.72 for B = −0.5 in the range of ISCO radius
5.7243 ≤ rISCO ≤ 5.1623 (h2 and h3 horizontal lines).
C. c13=0 solution vs c14 = 0 one
In this subsection we analyse ISCO radius of mag-
natized particles with the magnetic coupling parameter
B = 0.5 and B = −0.5 around Einstein-Æther black hole
in the presence and absence of the external parameters
that in with cases the solution c14 = 0 can mimic the
solution c13 = 0.
Figure 14 illustrates ISCO profiles of the magnatized
particle around Einstein-Æther black holes with solutions
c13 = 0 and c14 = 0 in the presence |B| = 0.5 and absence
of the external magnetic field. One can see from the
figure that ISCO radius of the particle is the same in
cases of: a) the particle with coupling parameter B = 0.5
and B = −0.5 at c13 = c14 = 0.502 (v6 vertical line)
with the radius risco = 6.9954 (h3 horizontal line); b)
B = 0.5 and B = 0 at c13 = c14 = 0.4407 (v5 vertical
line) with the radius rISCO = 7.0549 (h2 horizontal line);
c) B = −0.5 and B = 0 at c13 = c14 = 0.1166 (v1 vertical
line) with the radius rISCO = 5.9116 (h6 horizontal line).
ISCO radius of the magnatized particle with the mag-
netic coupling parameter B = 0.5 and the parameter
c14 ∈ (0, 1) can be measured the same as the ISCO of the
particle with B = −0.5 and B = 0 with the parameter
c13 ∈ (0.3626, 0.5905) (v4 and v8 vertical lines) and c13 ∈
(0.2528, 0.5318) (v3 and v7 vertical lines) in the range of
the radius 7.463 ≥ rISCO ≥ 6.4809 (h1 and h4 horizon-
tal lines). Moreover, ISCO radius of the particle with
B = 0, at the values of the parameter c14 ∈ (0, 0.3625)
(v4 vertical line) can be the same with the ISCO radius
of a magnetized parameter with B = −0.5, at the values
of the parameter c13 ∈ (0, 0.1641) (v2 vertical line) for
the range of ISCO radius of 6 ≥ rISCO ≥ 5.7243 (h5 and
h7 horizontal lines).
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FIG. 12: The dependence of ISCO radius on spin and Einstein-Æther parameter c13 when c14 = 0. Black large dashed and
grey solid lines correspond to the ISCO of magnetized particles around Kerr and the Einstein-Æther black holes in the absence
of the magnetic field, respectively. Blue dot-dashed and red dashed lines correspond to ISCO of the magnetized particle around
the Einstein-Æther black hole immersed in the magnetic field for the values of the magnetic coupling parameter B1 = −0.5 and
B2 = 0.5, respectively. The black large dashed line corresponds to ISCO radius as a function of spin parameter; red, blue and
gray lines correspond to ISCO radius as a function of the parameter c13 for different values of B. Vertical (vi, i = 1÷ 12) and
horizontal (hi, i = 1÷ 7) lines imply the important values for the spin of Kerr and Einstein-Æther black hole parameters and
the values of the ISCO radius where the lines intersect (see the text for discussion).
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FIG. 13: The same figure as Fig. 12, but for the case c13 = 0.
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FIG. 14: The same comparisons with Figs. 12 and 13 but for the two Einstein-æther parameters c13 and c14.
VI. SUMMARY AND DISCUSSIONS
This work is devoted to study the effects of Einstein-
Æther gravity on magnetized particles motion around a
static and spherically symmetric uncharged black hole
immersed in an external asymptotically uniform mag-
netic field. The following major results have been ob-
tained:
• The electromagnetic field solution has been ob-
tained using Wald’s method and shown that the
existence of the parameter c13 (c14) causes the de-
crease (increase) of the magnetic field near the
black hole.
• The studies of circular motion of the magnetized
particles show that inner circular (bounded) orbits
comes closer to (goes far from) the central object
and the range where circular orbits are allowed in-
creases (decreases) in the presence of the parameter
c14 (c13), it implies that the parameter c13 plays
role as an additional gravity effect (in other word
at the existence of the parameter c13 the effective
mass of central black hole increases).
• The analysis of the head-on collisions of magne-
tized particles around the æther black hole showed
that the parameter c13 (c14) causes the increase (de-
crease) of center-of-mass energy.
• We have shown that the effects of Einstein-æther
gravity and magnetic interaction can mimic the ef-
fects of rotation of Kerr black hole giving the same
ISCO radius. We have analyzed in detail for the
magnetized particles with the coupling parameter
|B = 0.5|. It was also shown that the magnetized
particles may have the same ISCO radius around
rotating Kerr and Einstein-æther black holes at
the range of risco ∈ (5.7243, 9) at the parameter
c13 ≤ 0.7556 (0.7262 and 0.4954) for the particles
with B = 0.5 (B = 0.5 and B = 0) when c14 = 0
and the spin parameter can not mimic the param-
eter c14 when a > 0.4799.
• ISCO radius is the same for the values of the spin
and the Einstein-æther parameter c13 = a = 0.6266
in the absence of the external magnetic field, c13 =
a = 0.6875 for B = −0.5 and c13 = a = 0.0244 at
risco = 8.0501 , risco = 8.2077 and risco = 5.7605,
respectively.
• ISCO radius of the particle is the same in cases of
the particle with coupling parameter B = 0.5 and
B = −0.5 at c13 = c14 = 0.502 with the radius
risco = 6.9954. For B = 0.5 and B = 0 at c13 =
c14 = 0.4407 with the radius risco = 7.0549. For
B = −0.5 and B = 0 at c13 = c14 = 0.1166 with
the radius risco = 5.9116.
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